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Abstract 
This study presents a three-dimensional phenomenological model for the analysis and 
prediction of vortex-induced vibration (VIV) of a long flexible circular cylinder in uniform 
flows, by taking into consideration the two salient effects of cylinder axial dynamics and mean 
drag magnifications. A semi-empirical theoretical model consists of structural nonlinear 
equations of coupled cross-flow, in-line and axial motions excited by vortex-induced 
hydrodynamic lift and drag forces. These forces are governed by two distributed and coupled 
wake oscillators describing the variations of lift and drag coefficients. This reduced-order 
model contains cubic and quadratic nonlinearities associated with geometric displacement 
couplings and fluid-structure interactions. A numerical finite difference approach combined 
with a frequency domain and modal analysis is used for analysing the highly nonlinear three-
dimensional VIV responses. Several key features of flexible cylinder VIV are captured in the 
case of varying flow velocities. In particular, the dynamic responses exhibit a transition from 
standing to travelling wave characteristics, spatial dual 2:1 resonances with multi modal 
contributions, variable figure-of-eight trajectories, higher harmonic components, mean in-
line/axial displacements and mean stresses as a result of VIV-amplified mean drag forces. 
Model validations are also performed through comparisons with published experimental 
results. Parametric studies highlight the individual and combined effects of geometric and 
hydrodynamic nonlinearities together with the axial dynamics which contribute to the space-
time varying responses, frequencies, dominant modes and modal contributions, transverse 
bending and longitudinal stresses. Both quantitative and qualitative discrepancies are 
noticeable when the prediction model disregards these effects. 
 
Keywords: VIV, flexible cylinder, 3-D response, axial dynamics, mean drag magnification, 
wake oscillator 
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1. Introduction 
Vortex-induced vibration (VIV) of a long flexible circular cylinder subject to a steady 
uniform flow generates several captivating fluid-structure interaction phenomena. Owing to 
the slenderness and inherent proneness to surrounding vortex-induced excitations, multi modes 
and frequencies of the flexible cylindrical structure can be three-dimensionally and 
simultaneously excited. These nonlinear oscillations with finite amplitudes take place in a wide 
range of practical flow velocities and can lead to critical bending and longitudinal stresses, 
increased fatigue damage and integrity loss of structural systems. To reach a fundamental 
understanding of flexible cylinder VIV and parametrically analyse the space-time varying 
dynamic behaviours, a computationally-robust three-dimensional (3-D) model accounting for 
combined structural geometric and hydrodynamic nonlinearities is needed. 
 From a structural geometry perspective, published works related to the cylinder VIV 
modelling, simulation and experiment can be categorised into two major groups which 
distinguish themselves between flexibly-mounted rigid (Bearman, 2011; Sarpkaya, 2004; 
Williamson and Govardhan, 2004) and flexible long (Brika and Laneville, 1993; Huera-Huarte 
and Bearman, 2009; Srinil, 2010; Vandiver, 1993; Wu et al., 2012) cylinders having two (cross-
flow/in-line VIV) and multi degrees (multi modal cross-flow/in-line VIV) of freedom, 
respectively. For rigid cylinders, the use of a typical model of mass-spring-damper linear 
oscillator is justified, depending on the mass and damping ratios (Jauvtis and Williamson, 
2004). However, the effects of geometric nonlinearities on response amplitudes and 
hydrodynamic properties can be meaningful (Srinil and Zanganeh, 2012; Srinil et al., 2013; 
Zanganeh and Srinil, 2014). For flexible long cylinders with initial straight configurations such 
as vertical top-tensioned risers (Srinil, 2011) and horizontal pipelines, a simplified linearized 
tensioned beam equation with transverse displacement in the cross-flow and/or in-line direction 
is mostly used in the literature (Violette et al., 2007). Nevertheless, this model neglects the 
axial oscillation which can be excited through its geometric coupling with cross-flow/in-line 
displacements (Srinil, 2010). The effect of axial motion can be salient for a cylinder with a 
high aspect (length-to-diameter) ratio, depending also on the structural extensibility and excited 
vibration modes (Srinil and Rega, 2008). Moreover, as the cylinder is greatly drifted by the 
VIV-amplified mean drag force, the axial mean displacement becomes meaningful. In this 
study, a 3-D flexible cylinder prediction model with a full coupling of cross-flow, in-line and 
axial nonlinear motions experiencing VIV due to combined lift and drag hydrodynamics is 
proposed and investigated, by also revealing the significant axial motion contributions. 
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 With regard to the modelling of hydrodynamic forces, there have been a number of recent 
developments and modifications of so-called van der Pol wake oscillators for use in the 
prediction of flexible cylinder VIV. These have been driven mainly by the offshore oil and gas 
industry which requires an effective tool for the analysis and design of subsea risers, cables 
and pipelines in deep waters subjected to current-induced VIV. Previous studies which 
considered phenomenological wake oscillators focused on cross-flow-only VIV (Srinil, 2010; 
Violette et al., 2007), combined cross-flow/in-line VIV (Kim and Perkins, 2002; Srinil et al., 
2009), and combined cross-flow/axial VIV (Xu et al., 2008). Some models have considered 
fixed (Facchinetti et al., 2004) or variable (Srinil, 2010; Srinil and Zanganeh, 2012) empirical 
coefficients, the latter depending on system physical parameters such as Reynolds number (Re) 
and mass ratio. These studies have revealed several capabilities of the wake oscillators in 
capturing key VIV features in qualitative and/or quantitative agreement with experimental 
observations and direct numerical simulations (Gabbai and Benaroya, 2005).  
 The key aspects of flexible cylinder VIV include the standing, hybrid standing-travelling 
and travelling wave characteristics, multi-mode sharing, switching and interactions, dual 
resonances and figure-of-eight orbital motions, higher harmonics contributing to fatigue 
damage, mean drag amplifications, and the key role of bending versus axial stiffness (Wu et 
al., 2012). Nonetheless, insights into the fully-coupled cross-flow, in-line and axial VIV are 
still lacking in the literature due to the use of a simplified linearized tensioned beam model. 
Therefore, the present study is aimed at overcoming such model limitation by further 
highlighting the important effects of axial displacements in conjunction with geometric 
nonlinearities and mean drag magnifications. 
 Experimental results and observations can also be used for calibration and validation of 
numerical predictions. Recently, a number of laboratory tests for flexible cylinder VIV have 
been carried out which witnessed some VIV behaviours found in rigid cylinder VIV 
(Govardhan and Williamson, 2006; Jauvtis and Williamson, 2004) and new aspects particularly 
for long slender cylinders (Chaplin et al., 2005; Lie and Kaasen, 2006; Vandiver et al., 2009). 
Song et al. (2011) performed a VIV test of a horizontal long flexible cylinder with aspect ratio 
of 1750 by towing it in a wave basin. They reported the asymmetry feature and higher 
harmonics in the cylinder spatial responses in uniform flows which are due to the multi-modal 
VIV. In this study, experimental model and parameters of Song et al. (2011) are used in the 
numerical investigations in order to validate the proposed 3-D prediction model and capture 
some flexible cylinder behaviours found experimentally. 
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 The paper is structured as follows. In Section 2, the system nonlinear equations of 3-D 
motions of a long flexible cylinder undergoing VIV are presented along with the modelling of 
hydrodynamic lift and drag forces. In Section 3, numerical results in the case of varying flow 
velocities are discussed to highlight several capabilities of the model in capturing the flexible 
cylinder VIV behaviours and the effects of system parameters including the axial dynamics 
and VIV-amplified mean displacements. A model validation with numerical and experimental 
comparisons is addressed in Section 4. The paper ends with the conclusions in Section 5. 
2. Three-Dimensional VIV Prediction Model  
 Figure 1(a) displays a schematic 3-D model of a long flexible circular cylinder subjected 
to a steady uniform flow of velocity V aligned with the in-line X direction. The fully-submerged 
cylinder is assumed to be perfectly straight at its vertical static equilibrium due to the effective 
weight. Pinned-pinned boundary conditions, which are typical for marine risers with flex joints 
as well as flexible cylinders in most experimental tests, are considered. However, other (e.g. 
clamped or moving) end conditions can also be imposed. For a long cylinder with a high aspect 
ratio, the effect of end boundaries could play an important role in the free-vibration 
characteristics, especially at higher-order modes, also depending on the structural stiffness 
properties. The cylinder is further assumed to behave in a linear elastic range of materials with 
a constant Young’s modulus (E) and have spatially uniform properties including mass (m) and 
still-water added mass (ma=ρπD2/4 with ρ being the fluid density) per length (L), damping 
coefficient (c), diameter (D), bending stiffness (EI), axial stiffness (EAr), moment of inertia (I) 
and cross-sectional area (Ar).  
 Due to the mean drag force component in the in-line direction, the cylinder will statically 
displace and attend a planar (XY) curved configuration. Since the mean drag force can be 
further amplified due to the nonlinear coupling with VIV response (Blevins, 1990), the cylinder 
mean displacements will be further magnified. Subsequently, due to the combined effect of 
hydrodynamic lift and drag force components, the cylinder will oscillate three-dimensionally 
about this planar configuration in cross-flow (CF) Z, in-line (IL) X and axial (AX) Y directions.  
 
2.1 Geometrically-nonlinear equations of flexible cylinder motions 
 By following Srinil et al. (2007; 2009), the nonlinear partial-differential equations of 3-
D coupled CF, IL and AX motions of a flexible long cylinder can be expressed as 
5 
 
ሺ݉ ൅݉௔ሻݑሷ ൅ ܿݑሶ ൅ ܧܫݑሺூ௏ሻ െ ሺܶݑᇱሻ′
ൌ ܧܣ௥ሺݒ′′ݑ′ ൅ ݒ′ݑ′′ሻ
൅ 12ܧܣ௥൫3ݑ′′ݑ
ᇱଶ ൅ ݑ′′ݒᇱଶ ൅ 2ݒ′′ݒ′ݑ′ ൅ ݑ′′ݓᇱଶ ൅ 2ݓ′′ݓ′ݑ′൯ ൅ ܨ௫ 
(1)
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(3)
 
in which u, v and w denote IL, AX and CF displacements, and Fx, Fy and Fz are the associated 
hydrodynamic forces, respectively. The overdot (prime) denotes derivative with respect to time 
t (space Y). The static effective tension T can be spatially varied by accounting for the buoyancy 
effect such that T = Tt - g(m-D2/4)Y where Tt is the top pre-tension and g is the gravity (Srinil, 
2011). For a neutrally-buoyant vertical or horizontal cylinder, T is a constant (i.e. T=Tt) as 
considered in the experimental model of Song et al. (2011).  
By accounting for large mean displacements and 3-D oscillations excited by the 
combined lift (FL) and drag (FD) forces, overall structural geometric nonlinearities and axial 
displacement couplings are accounted for through quadratic and cubic coupling terms in Eqs. 
(1)-(3). Hence, the proposed flexible cylinder model is more advanced and practical than a 
linear tensioned beam model (i.e. Eqs. (1) and (3) without nonlinear terms) typically considered 
in a great majority of research literature dealing with CF and IL VIV of flexible cylinders 
without AX motion effect.  
2.2 Hydrodynamic forces with nonlinear coupling terms  
 Vortices generate oscillatory drag and lift forces with shedding frequencies of 2Ωf and 
Ωf, respectively (Blevins, 1990). For a stationary cylinder whose projection is depicted in Fig. 
1b, the drag and lift forces coincide with IL and CF directions, entailing Fx = FD and Fz = FL. 
However, this might not be the case for an oscillating cylinder whose directions of apparent 
drag and lift forces can be arbitrary. Following a galloping theory (Blevins, 1990; Paidoussis 
et al., 2011), the total drag and lift forces may be assumed to act upon the cylinder section with 
a clockwise horizontal angle  in the XZ plane and vertical angle  in the XY plane, taking into 
account the relative velocities of the flow and the cylinder IL motion (V-u ), as shown in Fig. 
1c. Accordingly, the projected three-dimensional fluid forces can be expressed as 
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ܨ௫ ൌ ܨ௅cossin൅ ܨ஽coscos, (4)
ܨ௬ ൌ ܨ௅sin൅ ܨ஽sin, (5)
ܨ௭ ൌ ܨ௅coscosെ ܨ஽cossin, (6)
 
in which 
	ܨ஽ ൌ ଵଶ ߩܦ ௥ܸ௘௟ଶ ሺ̅ܥௗ ൅ ܥ஽ሻ, (7)
ܨ௅ ൌ ଵଶ ߩܦ ௥ܸ௘௟ଶ ܥ௅,    (8)
where ̅ܥௗ, CD and CL are the mean drag, oscillating drag and oscillating lift coefficients, 
respectively. The trigonometric functions in Eqs. (4)-(6) can be proved that cossin = w /Vrel, 
coscos =(V-u )/Vrel and sin = ݒሶ /Vrel, in which the total velocity relative to the oscillating 
cylinder reads 
௥ܸ௘௟ ൌ ܸඨ൬1 െ ݑሶܸ൰
ଶ
൅ ൬ݒሶܸ൰
ଶ
൅ ൬ݓሶܸ൰
ଶ
. 
(9) 
 For a small ݒ	ሶ or large Vrel,  becomes very small such that sin  0, yielding Fy  0 and 
cos  1, see Fig. 1d. Accordingly, Eqs. (4) and (6) become 
ܨ௫ ൌ ܨ௅ݏ݅݊ ൅ ܨ஽ܿ݋ݏ, (10)
ܨ௭ ൌ ܨ௅ܿ݋ݏെ ܨ஽ݏ݅݊. (11)
Above Eqs. (10) and (11) have been successfully utilised in VIV studies on elastically-mounted 
rigid cylinders (Dhanwani et al., 2013; Zanganeh and Srinil, 2014), and they can be applied to 
a flexible cylinder VIV analysis if the influence of  is proved to be negligible (see Section 3.1 
for the analysis results and discussion).  
 Following the pioneering idea of Bishop and Hassan (1964) who noted that the vortex 
shedding in the wake behaves like an oscillator, the fluctuation of drag and lift forces may be 
modelled using the van der Pol oscillators with cylinder acceleration coupling terms 
(Facchinetti et al., 2004). By introducing the wake variables p = 2CD/Cd0 (Srinil and Zanganeh, 
2012) and q = 2CL/Cl0 (Facchinetti et al., 2004) where Cd0 and Cl0 are the associated drag and 
lift coefficients of a stationary cylinder, the variations of p and q may be described through  
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݌ሷ ൅ 2ߝ௨ߗ௙ሺ݌ଶ െ 1ሻ݌ሶ ൅ 4ߗ௙ଶ݌ ൌ ߉௨ܦ ݑሷ  
(12)
ݍሷ ൅ ߝ௪ߗ௙ሺݍଶ െ 1ሻݍሶ ൅ ߗ௙ଶݍ ൌ ߉௪ܦ ݓሷ  
(13)
where Ωf=2πStV/D and St is the Strouhal number (assumed as 0.18 following Song et al. 
(2011)). εu, εw, Λu and Λw are empirical coefficients which can be tuned via model calibration 
with experimental results. By substituting Eqs. (7)-(9) and (12)-(13) into Eqs. (4)-(6), overall 
hydrodynamic force components read 
											ܨ௫ ൌ 14ߩܦ ௥ܸ௘௟ܥ௟଴ݍݓሶ ൅
1
4 ߩܦ ௥ܸ௘௟ܥௗ଴݌ሺܸ െ ݑሶ ሻ ൅
1
2ߩܦ ௥ܸ௘௟̅ܥௗሺܸ െ ݑሶ ሻ, 
(14)
											ܨ௬ ൌ 14 ߩܦ ௥ܸ௘௟ܥ௟଴ݍݒሶ ൅
1
4 ߩܦ ௥ܸ௘௟ܥௗ଴݌ݒሶ ൅
1
2 ߩܦ ௥ܸ௘௟̅ܥௗݒሶ , 
(15)
ܨ௭ ൌ 14ߩܦ ௥ܸ௘௟ܥ௟଴ݍሺܸ െ ݑሶ ሻ െ
1
4ߩܦ ௥ܸ௘௟ܥௗ଴݌ݓሶ െ
1
2ߩܦ ௥ܸ௘௟̅ܥௗݓ.ሶ  
(16)
 
 Inspecting above expressions reveals several important aspects summarized as follows. 
 Eq. (14) contains a static mean drag force which is, to first order, proportional to the flow 
velocity squared. Higher-order nonlinear effects are also accounted for through the 
square root term in Eq. (9). 
 Eqs. (14)-(16) contain the time-varying hydrodynamics which are temporally and 
spatially coupled with cylinder CF, IL and AX oscillations via quadratic nonlinear terms 
pu , qw , qu , pw , ݍݒሶ 	and ݌ݒሶ . These quadratic nonlinearities have been found to be 
responsible for dual 2:1 resonances and associated figure-of-eight appearances (Srinil 
and Zanganeh, 2012).  
 The first term in Eq. (14) entails the additional cylinder drift which depends on CF 
amplitudes. This term leads to the mean displacement amplified by VIV (Zanganeh and 
Srinil, 2014).   
 The terms with dC u ,	̅ܥௗݒሶ  and dC w  give rise to the fluid-added damping, typically called 
the stall parameter, which provides a self-limiting cylinder response at zero structural 
damping (Skop and Balasubramanian, 1997). 
 Choices for Cd0, Cl0 and ̅ܥௗ corresponding to a stationary cylinder are variable in the 
literature, depending on e.g. Re and surface roughness. Randomness of these parameters 
could be treated (Low and Srinil, 2016). However, herein a single set of Cd0=0.2 (Currie 
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and Turnbull, 1987), Cl0=0.3 and ̅ܥௗ ൎ 1.2	 (Blevins, 1990) is used. These values are 
suitable for a cylinder with smooth surface and subject to a sub-critical flow with the 
maximum Re of about 2x105 (Blevins, 1990); thus, they are valid for the Re range of 
3000-15000 considered in the parametric studies in Sections 3 and 4. 
 With regard to the tuning parameters in Eqs. (12) and (13), we assume εu=0.3, Λu=12 and 
Λw=12 based on recent calibration in Srinil and Zanganeh (2012) for rigid cylinders. To make 
one of the empirical coefficients depend on system parameters, Eq. (35) in Facchinetti et al. 
(2004) and Eq. (6.2) in Govardhan and Williamson (2006) are combined which lead to a unique 
analytical expression for εw as 
ߝ௪ ൌ ߉௪
4 Sୋ ൅ 1.3ܥ௟଴ ቀ2
Sୋ ൅ 1.3ܥ௟଴ ሺ1 െ 1.12ߙ ൅ 0.3ߙ
ଶሻ log 0.41Re଴.ଷ଺ቁ
ଶ
െ 1
 (17)
in which SG and α are the combined mass-damping parameters defined as ܵீ ൌ 2ߨଷܵݐଶ݉∗ߦ 
and ߙ ൌ ሺ݉∗ ൅ ܥ஺ሻߦ, m*=m/( ρπD2/4) the mass ratio, ξ the damping ratio and CA the still-water 
added mass coefficient taken as unity for a circular cylinder (Blevins, 1990). For a given Λw, 
, SG and ܥ௟଴, εw decreases with increasing Re. This would enhance VIV response due to the 
lower damping value in the wake oscillator through Eq. (13). 
 Note that the assumed empirical coefficients (εu, Λu, εw, Λw) are based on calibration with 
experimental results of elastically-mounted rigid cylinders (Facchinetti et al., 2004; Srinil and 
Zanganeh, 2012) as well as those (Song et al., 2011) of a specific flexible cylinder considered 
herein. The original fixed value of εw=0.3 (Facchinetti et al., 2004) or the variable εw value as 
a function of m* (Srinil et al., 2013) was found to be insufficient to capture the spatially-
maximum values of the root-mean-squared responses of such flexible cylinder. Therefore, 
Eq.(17) is recommended to yield reasonably comparable numerical-experimental results (see 
Section 4) and to follow recent experimental observations of actual risers with VIV dependence 
on the Re and mass-damping parameters (Swithenbank et al., 2008). At present, a universal 
wake oscillator model and associated empirical coefficients do not coexist; however, a better 
calibration procedure with several flexible cylinder VIV experiments, if available, should be 
carried out by taking into account the effects of e.g. aspect ratio, modal shape, modal damping 
and multi modal interaction, not found in rigid cylinders.  
 Highly nonlinear partial-differential Eqs. (1)-(3) in conjunction with Eqs. (12)-(13) are 
numerically solved for 3-D responses of the flexible cylinder undergoing VIV by using a finite 
difference approach in both space and time domain (see Appendix A). Initial conditions are 
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specified at the static equilibrium for the cylinder (u = v = w = 0u v w     ), with p=2                   
( 0p  ) and q=2 ( 0q  ) for wake variables. Calibration and convergence tests of numerical 
simulations with the considered experimental cylinder of Song et al. (2011) have been 
performed and the following results are based on the time step of 0.0001 s and 57 spatially 
discretised elements. Insights into flexible cylinder VIV aspects captured by the presented 
model are presented in Section 3 whereas model validation with experimental results are shown 
in Section 4. 
 
3. Numerical Results and Discussion  
 A long flexible cylinder model experimentally tested by Song et al. (2011) is considered. 
The horizontally-oriented and straight cylinder has a practical aspect ratio (L/D) of 1750 and 
low m*=1. A range of ξ<0.01 was reported; herein, ξ=0.01 is assumed. Due to such a neutrally 
buoyant condition, there is no effect of initial pre-tension variation or submerged weight on the 
static configuration. The flow past the cylinder is spatially uniform with velocity of 0.18-0.60 
m/s in the sub-critical Re range of 3000-10000. With cylinder bending (153.71 N.m2) and axial 
(5.11×106 N) stiffness properties, CF and IL vibrations were reported at modes up to the 6th 
and 12th, respectively. No axial motions were discussed in Song et al. (2011); however, their 
effects are herein highlighted through numerical studies. In the following, prediction results 
with specified V=0.3, 0.4, 0.8 and 1 m/s are presented for the cylinder with pre-tension of 700 
N. Higher V than 0.60 m/s are also considered so that the high-mode VIV aspect can be realized. 
3.1 Three-dimensional cross-flow, in-line and axial VIV responses 
 The influence of the vertical angle  (Fig. 1c) is first examined by comparing the obtained 
responses based on the 2-D (Eqs. 10-11) vs 3-D (Eqs. 4-6) projection of hydrodynamic forces. 
In Fig. 2, the cylinder responses associated with the 2-D (Fig. 2a-e) and 3-D (2f-j) fluid force 
models are displayed, considering the maximum V = 1 m/s. At the steady state, CF (Fig. 2a and 
f), IL (Fig. 2d and i) and AX (Fig. 2e and j) oscillation components, as well as total IL (Fig. 2b 
and g) and AX (Fig. 2c and h) displacements inclusive of mean and oscillatory values, are 
compared. Results in Fig. 2 reveal how overall responses are qualitatively and quantitatively 
very similar and comparable, regardless of the considered hydrodynamic model. Therefore, the 
 angle effect can be negligible for such flexible cylinder subject to the considered V range up 
to 1 m/s. To reduce the computational effort, the 2-D transverse hydrodynamic model only 
accounting for the horizontal angle  effect is considered in the following.  
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 For a given V = 0.3 and 0.8 m/s, Fig. 3 illustrates the space-time varying CF (3a, 3d), IL 
(3b, 3e) and AX (3c, 3f) responses including initial transient and steady-state dynamics (0<t<50 
s). Combined mean and oscillatory components are plotted in Fig. 3 whereas only the extracted 
oscillatory components within certain steady-state periods (99<t<100 s) are shown in Fig. 4 
along with other cases of V = 0.4 and 1 m/s. It can be seen in Fig. 3 that transient periods 
required for yielding the steady-state responses increase with V and modes being excited. 
Depending on initial conditions, a prompt switching from the standing wave to the travelling 
wave is noticed in CF response at higher V (Fig. 3d). Large mean displacements are clearly 
visible in IL responses (see Fig. 3b vs. 4e and Fig. 3e vs. 4g) and they increase considerably 
with V. Smaller – but appreciable – mean AX displacements are also noticed (see Fig. 3c vs 4i 
and Fig. 3f vs 4k). From Fig. 3, spatial IL profiles are symmetric (Fig. 3b, 3e) whereas spatial 
AX profiles are anti-symmetric (Fig. 3c, 3f), with respect to the middle span. Because the 
cylinder is displaced due to the mean drag force, the coexisting symmetric IL and anti-
symmetric AX mode shapes establish a planar vibration of the curved cylinder as known from 
the theory of cable dynamics (Srinil and Rega, 2007). By comparing Figs. (3a) vs (4a) and (3d) 
vs (4c), no mean components are observed in the CF direction. This is expected since the 
uniform flow pasts the straight cylinder (Chaplin et al., 2005). 
 In further view of Fig. 4, several aspects can be remarked with increasing V, which 
confirm experimental observations of flexible cylinder VIV (Tognarelli et al., 2004). In 
general, overall responses are governed by the standing wave characteristics at low V = 0.3 and 
0.4 m/s (Fig. 4a, 4b, 4e, 4f, 4i and 4j) whereas the travelling wave responses appear at higher 
V = 0.8 and 1 m/s involving higher-order modes (Figs. 4c, 4d, 4g, 4h, 4k and 4l). IL and AX 
oscillation frequencies are nearly twice the CF oscillation frequencies, see, e.g., sections A-A 
vs B-B and C-C in Figs. 4(a) vs 4(e) and 4(i). Hence, the cylinder undergoes higher vibration 
modes in IL and AX directions due to greater vortex shedding frequencies of 2Ωf. The space-
time varying plots also suggest the single-mode CF oscillations whereas IL and AX responses 
signal some multi modal aspects. A modal analysis is performed in Section 3.2 to distinguish 
contributing modes.   
In terms of spatially and temporally maximum responses, Fig. 4 demonstrates that all CF, 
IL and AX amplitudes increase as V increases. This is in agreement with field experimental 
results of Swithenbank et al. (2008) who suggested the increasing response amplitudes with 
Re. The importance of increasing AX motions should also be noted at higher V since this will 
affect the dynamic tension and in turn the longitudinal stress as further discussed in Section 
3.4.  
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3.2 Oscillation frequencies and multi modal contributions 
 A frequency domain analysis of obtained time histories is now performed using a Fast 
Fourier Transform to identify 3-D oscillation frequencies (fo) along cylinder span. The power 
spectral densities (PSD) associated with Fig. 4 are presented in Fig. 5. Results show the 
increasing frequencies with V in all responses and confirm how IL and AX dominant 
frequencies associated with planar modes are nearly twice CF ones in all considered V. These 
dominant fundamental harmonics justify dual 2:1 resonances which appear uniformly along 
the span. Higher oscillation frequencies are also captured with the third and fourth harmonics 
in the CF and IL/AX directions, respectively. In addition, at higher V = 0.8 and 1 m/s, the 
higher sixth harmonics also come into play in both IL (Fig. 5h) and AX (Fig. 5k and 5l) 
directions although they have relatively small amplitudes. These findings emphasize the 
importance of higher harmonics which could contribute to the fatigue damage as recently 
reported in several experimental studies (Mukundan et al., 2009), and show the additional 
feature of coexisting axial oscillations through the present 3-D model. A more sophisticated 
procedure for the frequency analysis can alternatively be considered (Franzini et al., 2014). 
To identify which and how many modes participating in each VIV response, a standard 
linear modal analysis is now performed based on the approach proposed by Lie and Kaasen 
(2006) and subsequently considered by Song et al. (2011). For the flexible cylinder with 
pinned-pinned end conditions, the time-varying modal displacements with removed mean 
components at each node i (i(t), i=1,2,..I) in each CF (w), IL (u) and AX (v) direction may be 
approximately projected onto a series of sinusoidal functions ߮j(Y)=sin(jπY/L) as  
                                                  
1
J
i j j i
j
t W t Y

                                                  (18) 
where j is the mode order (j=1,2,..J), J the number of modes and Wj(t) the associated modal 
weight. Such sine series can be assumed for the AX oscillation as noted in Rao (2007). They 
have been used by Srinil et al. (2009) for the IL/AX eigenfunction analysis of a catenary riser 
and practically recommended by Tognarelli et al. (2004) for use in the modal analysis of 
vertical cylinders exhibiting both standing- and travelling-wave responses. Since the response 
is obtained at each spatial node i, one can write Eq.(18) in a matrix form as  
                                                                   W                                                                (19) 
where the vectors      1 2, ,... TIt t t       and      1 2, ,... TJW W t W t W t    . The IxJ 
matrix  1 1, ,... J      with      1 2, ,... Tj j j j IY Y Y       . By considering J = I as in 
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this study, the modal weights at each time step can be extracted from 1 .W     By performing 
the FFT analysis of W time series, each modal power can be obtained and the dominant modes 
can be decided based on the power ranking. In the case of J < I, the least-squares approach 
should be implemented (Lie and Kaasen, 2006). 
Based on the space-time varying responses in Fig. 4 and oscillation frequencies in Fig. 
5, the associated modal contents are plotted in Fig. 6 with the sine-mode number (n =1-20) 
labelled along the outer circumference and the associated modal powers along the radial axes. 
Note that odd numbers (n = 1, 3, 5,…) represent symmetric modal shapes whereas even 
numbers (n = 2, 4, 6,…) represent anti-symmetric modal shapes. Each modal power is 
normalized with the largest one and represented by a different colour in each direction so that 
the maximum (minimum) value is unity locating at the outer circle (centre).  
At low V = 0.3 and 0.4 m/s where standing waves dominate the responses, it can be seen 
that CF motions are single-mode VIV whereas IL and AX motions undergo multi modal VIV. 
The latter supports the study of Srinil (2010) who proposed a multi-mode VIV analysis of a 
curved cylinder involving planar responses. When CF spatial profiles are symmetric with 
dominant n = 3 (Fig. 6a vs 6a) at V = 0.3 m/s, IL profiles are symmetric with dominant (n = 5) 
and contributing (n = 1, 3 and 7) modes (Fig. 6a vs 4e) whereas coexisting AX profiles are 
anti-symmetric with dominant (n = 4) and contributing (n = 2, 6 and 8) modes (Fig. 6a vs 4i). 
With increasing V = 0.4 m/s (Fig. 6b), the CF sine mode becomes anti-symmetric as shown in 
Fig. 4b with n = 4 whereas IL (AX) sine modes maintain their pre-dominant symmetric (anti-
symmetric) characters as shown in Fig. 4f (4j) with dominant n = 7 (n = 6) mode. These findings 
are in consistent with the cable dynamics theory regarding the nonlinear orthogonal properties 
of modes for which 2:1 resonances involve high-frequency symmetric IL planar modes and 
low-frequency symmetric or anti-symmetric CF out-of-plane modes (Srinil et al., 2004).  
At high V=0.8 and 1 m/s where travelling waves dominate (Fig. 6c and 6d), multi-mode 
VIV now take place in all CF, IL and AX responses involving hybrid symmetric and anti-
symmetric modal contributions. Nevertheless, the linear modal approach based on the standing-
wave modes might not be suitable to identify varying amplitudes and phase differences. In the 
latter case, a nonlinear modal analysis with complex-valued modes (Vandiver et al., 2009) 
should be alternatively considered.	
3.3 Motion trajectories and mean drag magnification effect 
 Figure 7 displays orbital motions at different locations along cylinder span by 
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characterising IL-CF (u-w), IL-AX (u-v) and AX-CF (v-w) trajectories at two different 
specified V. Regardless of actual amplitudes, the plots in Fig. 7 are scaled up for visibility 
purpose. Due to the presence of dual 2:1 resonances as shown in Fig. 5, most of the IL-CF 
trajectories reveal the repeatable figure-of-eight shapes with variable phase differences and 
some modulations. These confirm what have been experimentally observed in the literature for 
flexible cylinder VIV (Vandiver et al., 2009). The effect of increasing V and Re is highlighted 
by the travelling wave characteristics and greater multi modal contributions at V = 1 m/s which 
contribute to the non-similar patterns of the trajectories at opposite locations with respect to 
the middle span (Y/D = 875) in comparison with the lower V = 0.3 m/s case. For IL-AX 
trajectories, both 1:1 and 1:2 resonant motions do dominate at different locations with the latter 
being due to the higher harmonic effect. These suggest the spatial variations of bending and 
longitudinal stresses and the associated fatigue, depending on the oscillation frequencies and 
their harmonics. 
 Figure 8 illustrates the total mean IL (Fig. 8a) as well as AX (Fig. 8b) deflections along 
the cylinder span at different V from 0.1 to 1 m/s. It can be seen that the mean deflections 
(normalized by D) increases with V due to the drag magnifications caused by VIV. The highest 
mean values up to about 30D in the IL direction and 0.5D in the AX direction can be realized 
at highest V, the former being similar to what has been reported in Huera-Huarte (2006). Figure 
8(b) also illustrates that while the cylinder undergoes an anti-symmetric axial deflection profile 
at low V, the latter becomes asymmetrical at higher V. This is due to the dependence and 
coupling of mean drag on CF oscillations whose amplitudes travel through waves along the 
span producing asymmetric CF oscillation at high V.   
3.4 Evaluation of transverse bending and longitudinal stresses 
 Numerical responses can now be used for the evaluation of transverse bending and 
longitudinal stresses. To achieve this, approximations of maximum compressive (-) and tensile 
(+) bending stresses in CF and IL directions, σw and σu, respectively, are evaluated through 
ߪ௪ሺܻ, ݐሻ ൎ ܦ2 ܧݓ′′ሺܻ, ݐሻ 
(20)
ߪ௨ሺܻ, ݐሻ ൎ ܦ2 ܧݑ′′ሺܻ, ݐሻ 
(21)
whereas the longitudinal stress σ – accounting for overall displacement components – can be 
approximated by (Srinil et al., 2007) 
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ሺܻ, ݐሻ ൎ ܧ ቆݒᇱ ൅ 12 ሺݑᇱଶ ൅ ݒᇱଶ ൅ ݓᇱଶሻቇ 
(22)
It is important to emphasize that overall CF, IL and AX responses, inclusive of mean and 
oscillatory components, contribute to the longitudinal stresses. Figure 9 displays total CF 
bending (Fig. 9a, 9d), IL bending (Fig. 9b, 9e) and longitudinal (Fig. 9c, 9f) stresses at low and 
high V, in association with the displacement plots in Figs. 3 and 4.  
 At low V = 0.3 m/s where responses are standing waves, maximum (minimum) CF 
bending stresses shown in Fig. 9a, see section A-A, occur at locations of maximum 
displacements (nodes) shown in Fig. 4a corresponding to a symmetric mode. The time variation 
of σw is illustrated by section B-B in Fig. 9a which shows a transition of maximum tensile and 
compressive stresses for a specific location. At the nodes, section C-C in Fig. 9a maintains the 
constantly zero σw vs time. The effect of higher frequencies on the bending stress is highlighted 
by section B-B vs D-D in Fig. 9a where for a certain range of oscillation the latter exhibits 
periodically a greater number of peaks. This is in accordance with section E-E which shows 
spatially 6 peaks against 3 peaks in section A-A. These signals the potentially greater fatigue 
damage locations although with lower stress values. For multi-mode IL VIV involving higher-
order modes due to the doubled frequencies, the associated σu plots in Fig. 9b reveal a more 
complicated pattern of maximum and minimum stresses whose several specific locations can 
be identified following the dominant standing waves. 
 At higher V = 0.8 m/s, travelling waves dominate in CF and IL bending stress plots as 
shown in Figs. 9d and 9e, resulting in the remarkable spatial variation of locations involving 
maximum and minimum stresses. Throughout the cylinder span is potentially subject to the 
critical fatigue damage. Overall, both CF and IL (tensile and compressive) bending stresses 
increase considerably with V due to increasing curvatures, and their magnitudes are within the 
same orders. These highlight how one cannot neglect the IL stress contributions although IL 
amplitudes are smaller than CF amplitudes, and confirm what have been witnessed from full-
scale tests of riser VIV (Tognarelli et al., 2004).  
 The associated longitudinal stresses σ are displayed in Fig. 9c (V=0.3 m/s) and 9f (V=0.8 
m/s). The spatial patterns appear relatively uniform at lower V (Fig. 9c) but with a greater span-
wise variation at higher V (Fig. 9f), depending on the combination of multi symmetric/anti-
symmetric CF, IL and AX modes as well as the standing vs travelling wave characteristics. 
Overall, the total longitudinal stresses are of tensile type, considerably increasing with V due 
to the VIV-amplified mean IL and AX displacements (Fig.8). 
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 Together with Fig.9, Table 1 provides a summary of maximum and minimum values of 
total bending and longitudinal stresses at four different V. Results highlight the significance of 
total longitudinal stresses. Total IL bending stresses become greater than total CF ones at higher 
V, with the former exhibiting unequal maximum and minimum stresses: this suggests the 
asymmetry effect caused by amplified mean displacements and multimode contributions. 
Critical total IL bending stresses are more compressive, signalling the potential dynamic 
buckling issue. By removing the time-averaged mean components as in Table 2, overall 
bending and longitudinal stresses highlight their increasing values with V, becoming more 
tensile and compressive. Such amplifications and combinations of stresses are critical from a 
structural fatigue design viewpoint since in practice longitudinal stresses have typically been 
overlooked through using a linearized beam model with only transverse vibrations. 
3.5 Effects of axial dynamics, geometric and hydrodynamic nonlinearities  
 The importance of AX VIV through the modelling and prediction is now highlighted in 
Fig. 10 in terms of root-mean-squared (RMS) CF (Fig. 10a and c) and IL (Fig. 10b and d) 
amplitudes (spatially and temporally averaged), and amplified drag-induced mean 
displacements (Fig. 10e). With respect to Eqs. (1)-(3), three prediction models are simulated 
including (i) the present fully nonlinear model (blue circles), (ii) the geometrically linearized 
model but still accounting for the equation of axial motion (pink squares), and (iii) the full 
nonlinear model without axial motion (black diamonds). Two V cases (0.3 and 0.8 m/s) are 
considered and the quadratic nonlinearities governing the coupled hydrodynamic forces are 
accounted for in all simulation cases. 
 At low V=0.3 m/s, the effect of geometric nonlinearities plays the most significant role 
since model (ii) produces both quantitatively and qualitatively different results of both CF (Fig. 
10a) and IL (Fig. 10b) amplitudes when compared with those predicted by other two models. 
In particular, the dominant CF (n=5) and IL (n=9) modes of the model (ii) are incorrectly higher 
than the dominant CF (n=3) and IL (n=5) modes of the models (i) and (iii). The effect of axial 
motion is seen to be relatively small for such low V since results of model (i) and (iii) are 
comparable with some small amplitude differences. 
 As V increases to 0.8 m/s, the effect of axial motion now becomes pronounced as does 
the effect of geometric nonlinearities since the model (iii) entails CF (Fig. 10c) and IL (Fig. 
10d) responses quantitatively and qualitatively different from those predicted by model (i). The 
worst scenario takes place with model (ii). Therefore, both the effects of geometric 
nonlinearities and axial displacement coupling are important in the VIV prediction at higher V.  
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 In view of the amplified mean displacements shown in Fig. 10e for V=0.3 m/s, one can 
realize when compared with the full nonlinear model that, even at low V, the model neglecting 
the axial motion underestimates the mean displacement values and therefore the mean tension 
and longitudinal stresses. On the contrary, the model excluding geometric nonlinearities can 
render considerably overestimated results which are typical for a linear model (Srinil, 2010). 
 Of theoretical and practical importance, the individual effects of neglecting the axial 
motions, the geometric and hydrodynamic nonlinearities are now highlighted through Fig. 11 
in comparison with results in Fig.4 based on a complete nonlinear 3-D model. The space-time 
varying CF (Fig.11a, b and c vs Fig.4c) and IL (Fig.11d, e and f vs Fig.4g) responses are plotted 
with V=0.8 m/s. Considerations include: (i) the model with geometric and hydrodynamic 
nonlinearities but with omitted axial motions (Fig.11a and d); (ii) the model with geometric 
nonlinearities but with omitted hydrodynamic nonlinearities and axial motions; (iii) the fully 
linearized model with omitted axial motions. Results in Fig.11 highlight that: 
(i) When neglecting the axial motions, both CF (Fig.11a) and IL (Fig.11d) responses 
increase (see also Fig.10c and d) and their travelling-wave features disappear.   
(ii) When further neglecting the hydrodynamic nonlinearities (i.e. Fig.1b), CF responses 
considerably increase by achieving an unrealistic maximum amplitude per diameter 
of about 4. This is too overestimated. In addition, the space-time varying profiles of 
both CF (Fig.11b) and IL (Fig.11e) responses quantitatively and qualitatively change, 
in terms of features and modes being excited. 
(iii) Finally, when considering a fully-linearized model without axial motion, i.e. the 2-D 
linear model often considered in the literature for flexible cylinder VIV, CF responses 
further increase while IL responses decrease. Both CF (Fig.11c) and IL (Fig.11f) 
responses appear to be purely single-modal and standing-wave types which are in 
contrast with those based on the full nonlinear model exhibiting multi-mode and 
travelling-wave responses. 
 In summary, above quantitative and qualitative differences with different levels of model 
approximation must be seriously taken into consideration in the prediction model as well as 
experimental post-processing analysis for flexible cylinder VIV. Inaccurate response amplitude 
predictions can lead to the erroneous estimation of maximum bending/longitudinal stresses and 
the associated fatigue. The most simplified model renders the standing waves even at high-
order modes. This can further lead to a misunderstanding of critical locations where high 
stresses and fatigue take place.  
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4. Model Validation with Numerical and Experimental Comparisons 
 Previous prediction results have highlighted the importance of considering the axial 
dynamic coupling, the amplification of IL mean displacements, the geometric and 
hydrodynamic nonlinearities. In the following, numerical prediction results based on the fully 
nonlinear 3-D model are compared with experimental post-processed results of Song et al. 
(2011). Note that experimental discussion on the axial VIV was not reported, and this may in 
part a source of some differences in the comparisons in addition to the lack of actual ξ. 
 Figures 12a and 12b display numerical and experimental comparisons of obtained 
maximum CF (AwM/D) and IL (AuM/D) amplitudes vs V whereas Figs. 12c and 12d present the 
associated RMS results (AwRMS/D, AuRMS/D) vs Vr, respectively. Note that Vr = V/foD with fo 
being the dominant oscillation frequency (Fig.5). In Fig. 12a, dashed lines are also added to 
distinguish a trend of numerical CF results which behaves like a saw-tooth in comparison with 
relevant experimental results (with a group of coloured squares). The saw-tooth trend with a 
dropping and growing amplitude pattern takes place when the response switches from one 
branch of the dominant mode to another as V increases (Chaplin et al., 2005). With respect to 
the amplitude values, a satisfactory agreement is seen in the CF response with numerical 
maximum AwM/D of about 1.7 and experimental maximum AwM/D of about 1.6 (Fig. 12a). In 
contrast, a greater difference occurs in the IL response comparison with numerical maximum 
AuM/D of about 0.4 and experimental maximum AwM/D of about 0.7 (Fig. 12b). Nevertheless, 
overall comparisons are improved once the RMS values are statistically considered as shown 
in Figs. 12c and 12d for CF and IL responses, respectively. The RMS amplitudes are typically 
recognized in the literature dealing with experimental studies to rule out any uncertainties and 
nonlinearities that may have arisen during the tests. In addition, when plotting the amplitudes 
vs Vr in Fig.12c and 12d, overall numerical-experimental results compare well, with maximum 
responses taking place within the excitation Vr range of about 3-7 for each dominant mode. 
 Numerical-experimental comparisons of response dominant frequencies and modes are 
displayed in Figs. 13a and 13b, respectively. In Fig. 13a, a good agreement can be seen where 
both experimental and numerical results reveal how their oscillation frequencies linearly 
increase with V by following the Strouhal law in both CF and IL directions. In particular, IL 
frequencies are nearly twice CF frequencies which confirm the occurrence of 2:1 dual 
resonances involving combined CF and IL VIV. These dual resonances have been observed in 
VIV experiments of elastically-mounted rigid (Dahl et al., 2010) and long flexible cylinders 
(Wu et al., 2012). With respect to dominant modes shown in Fig. 13b, comparisons reveal how, 
within a moderate and high V range, the orders of experimental IL modes are higher than those 
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of numerical ones. Although CF mode orders produce a better agreement, we are unable to 
comment on such IL differences and how experimental results have been post-processed. Yet, 
we can only note, by referring to a sentence in Song et al. (2011) that “the values at high 
velocity cases might be a little overestimated…This is because the estimates of the displacement 
are sensitive to the judgement of the lowest mode”. Apart from that, the combined effects of 
axial dynamics, geometric nonlinearities and actual modal ξ could play an influential role.  
 
5. Conclusions 
 A 3-D fluid-structure interaction model for the analysis and prediction of coupled cross-
flow, in-line and axial VIV of a long flexible circular cylinder in uniform flows is presented. 
This computationally-efficient phenomenological model with the application of distributed 
wake oscillators accounts for two salient effects of cylinder axial dynamics and mean drag 
magnifications through overall geometric and hydrodynamic nonlinearities. These cubic and 
quadratic nonlinearities are associated with the cylinder large displacements and coupling of 
oscillatory lift, oscillatory drag and mean drag forces. A space-time finite difference approach 
has been applied to perform direct numerical integrations of system highly nonlinear partial-
differential equations of coupled hydrodynamic-cylinder motions. In the case of increasing 
flow velocities V, insights into several VIV nonlinear dynamic phenomena governing a long 
flexible cylinder with a low mass ratio are captured by the proposed theoretical model. The key 
aspects are summarized as follows. 
 As a result of steady and amplified mean drag forces, the flexible straight cylinder 
becomes curved in a planar configuration about which VIV in-plane and out-of-plane 
modes can be distinguished. In-plane modes comprise axial and in-line components 
whereas out-of-plane modes are associated with cross-flow components. 
 Standing (single- and multi-mode) and travelling (multi-mode) wave characteristics are 
observed through the space-time varying responses, with travelling waves taking place 
from a moderate V and involving high-mode and high-frequency VIV. A transition from 
standing to travelling waves at a certain V is also found, depending on the initial 
conditions and transient dynamics. 
 Spatial dual 2:1 (in-line:cross-flow and axial:cross-flow) resonances reveal multi modal 
contributions and variable figure-of-eight trajectories with amplitude modulations due to 
higher harmonic components and multi-mode interactions. In agreement with the cable 
dynamics theory (Srinil et al., 2004), VIV 2:1 resonances of the flexible cylinder involve 
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high-frequency symmetric in-line (planar) modes and low-frequency symmetric or anti-
symmetric cross-flow (out-of-plane) modes. 
 Due to the VIV-amplified mean drag forces, mean in-line and axial displacements 
increase with V. These lead to a considerable magnification of total longitudinal stresses 
whose values can be higher than the associated transverse bending stresses. Moreover, 
the overall combination of oscillatory bending and longitudinal stresses increases with 
V. These are crucial from a structural strength and fatigue design viewpoint. 
 The individual and combined effects of axial dynamics, geometric and hydrodynamic 
nonlinearities are significant. Depending on system parameters, V and the associated 
excited modes, the fully linearized model can lead to both quantitative and qualitative 
discrepancies giving rise to inaccurate estimations of 3-D response amplitudes, dynamic 
features, modal contributions, mean displacements and transverse/longitudinal stresses. 
 Partial model validations have been performed through comparisons with experimental 
results in the literature. Results show some agreements and differences which require further 
improvement of empirical coefficients and experimental studies for flexible cylinder 3-D VIV 
with a reliable post-processing approach accounting for the axial dynamics and system 
nonlinearities. Apart from capturing several VIV phenomena, the proposed model could be 
used as an efficient tool in the early-stage design of offshore cylindrical structures in currents. 
Non-uniform sheared flow cases can also be considered although with the lesser effect of axial 
dynamics (Zanganeh and Srinil, 2015). Through a modern reliability methodology (Low and 
Srinil, 2016), uncertainties in applying wake oscillators to predict flexible cylinder 3-D VIV 
can also be identified to enhance the confidence in using such a phenomenological model.  
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Appendix A: Finite Difference Scheme 
Coupled Eqs. (1)-(3) and (12)-(13), together with Eqs. (4)-(11) may be written in the compact 
matrix forms as 
Mܩሷ ൅ Cܩሶ ൅ Kୠܩூ௏ ൅ K୐ଵܩᇱ ൅ K୐ଶܩᇱᇱ ൌ K୒ሺܩሻ ൅ Fଵሺܩ, ܳሻ (A1)
ሷܳ െ W ሶܳ ൅ K୵ܳ െ Fଶܩሷ ൌ െHሺܳሻ (A2)
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where G(Y, t) and Q(Y, t) are the vectors of unknown variables (u, v, w) and (p, q), respectively. 
M is the structural mass, C the structural damping, Kb the bending stiffness, KL1 and KL2 the 
axial stiffness, W the wake damping, Kw the shedding frequency and F2 the structural coupling 
linear matrices whose diagonal components contain (m+ma), c, EI, -T , -T, (2uf,	wf), 
(4ߗ௙ଶ, ߗ௙ଶ) and (߉௨/ܦ, ߉௪/D), respectively. In the right-hand terms of Eqs. (A1) and (A2), K୒, 
Fଵ	and H are nonlinear vectors governing the geometric coupling, the fluid-structure 
interaction and the van der Pol damping, respectively. Note that K୒ is spatially-dependent on 
the first- and second-order derivatives of displacements whereas Fଵ	and H are temporally-
dependent on the cylinder velocity and wake variables (see Eqs. 14-16). 
Using a first-order backward (second-order central) differencing for the temporal 
(spatial) derivatives (Hoffman and Chiang, 2000), Eqs. (A1) and (A2) can be expanded as 
Mܩ௜
௡ െ 2ܩ௜௡ିଵ ൅ ܩ௜௡ିଶ
ሺ∆ݐሻଶ ൅ C
ܩ௜௡ െ ܩ௜௡ିଵ
∆ݐ
൅ Kୠ ܩ௜ାଶ
௡ െ 4ܩ௜ାଵ௡ ൅ 6ܩ௜௡ െ 4ܩ௜ିଵ௡ ൅ ܩ௜ିଶ௡
ሺ∆ݕሻସ ൅ K୐ଵ
ܩ௜ାଵ௡ ൅ ܩ௜ିଵ௡
2∆ݕ
൅ K୐ଶ ܩ௜ାଵ
௡ െ 2ܩ௜௡ ൅ ܩ௜ିଵ௡
ሺ∆ݕሻଶ
ൌ K୒ሺܩ௜ାଵ௡ , ܩ௜௡, ܩ௜ିଵ௡ ,ݕሻ ൅ Fଵሺܩ௜௡ିଵ, ܩ௜௡, ܳ௜௡,ݐሻ,  
     
(A3)
ܳ௜௡ െ 2ܳ௜௡ିଵ ൅ ܳ௜௡ିଶ
ሺ∆ݐሻଶ െW
ܳ௜௡ െ ܳ௜௡ିଵ
∆ݐ ൅ K୵ܳ௜
௡ െ Fଶ ܩ௜
௡ െ 2ܩ௜௡ିଵ ൅ ܩ௜௡ିଶ
ሺ∆ݐሻଶ
ൌ െHሺܳ௜௡, ܳ௜௡ିଵ,ݐሻ, 
(A4)
where the subscript i denotes a spatial grid point (node) and the superscript n specifies a step 
in time. y (t) is the size of spatial (temporal) discretization. With total N nodes and pinned-
pinned boundary conditions (with zero displacements and curvatures) for the flexible cylinder 
vibrating in 3-D, there are totally 3(N-2) and 2N unknown cylinder and wake variables through 
Eqs. (A3) and (A4), respectively. By applying initial conditions of displacements and velocities 
(i.e. with known variables at time n-1 and n-2), Eqs. (A3) and (A4) constitute M (3(N-2)+2N) 
nonlinear algebraic equations at a particular time step n which read 
൞
ଵ݃ሺܩଵ௡, ܩଶ௡, ܩଷ௡, … , ܩ௜௡, ܳଵ௡, ܳଶ௡, ܳଷ௡, … , ܳ௜௡ሻ ൌ 0
݃ଶሺܩଵ௡, ܩଶ௡, ܩଷ௡, … , ܩ௜௡, ܳଵ௡, ܳଶ௡, ܳଷ௡, … , ܳ௜௡ሻ ൌ 0⋮
݃ெሺܩଵ௡, ܩଶ௡, ܩଷ௡, … , ܩ௜௡, ܳଵ௡, ܳଶ௡, ܳଷ௡, … , ܳ௜௡ሻ ൌ 0
 
   (A5) 
where gi is the nodal vector function. This system can be iteratively solved using a standard 
Newton-Raphson method (Yin et al., 2002) which entails  
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⋮
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(A6) 
where the subscript k indicates the iteration step of the Newton-Raphson method and J-1(..) is 
the inverse of the Jacobian matrix for which 
ܬሺ݃ሻ ൌ
ۏ
ێێ
ێ
ێێ
ێ
ۍ ߲ ଵ߲݃ܩଵ௡
߲ ଵ݃
߲ܩଶ௡ …
߲ ଵ݃
߲ܳ௜௡
߲݃ଶ
߲ܩଵ௡
߲݃ଶ
߲ܩଶ௡				…
߲݃ଶ
߲ܳ௜௡… ⋱				⋱ ⋮
߲݃ெ
߲ܩଵ௡
߲݃ெ
߲ܩଶ௡ …
߲݃ெ
߲ܳ௜௡ے
ۑۑ
ۑ
ۑۑ
ۑ
ې
 
   (A7)
A non-zero initial guess of the vector is provided and the solution convergence is 
obtained with a tolerance of 10-4. For the considered flexible cylinder (Song et al., 2011), t = 
0.0001 s and y  0.49 m have been chosen through a series of convergence studies yielding 
stable simulations of all considered flow velocities. The solution for each time step through Eq. 
(A6) is successfully obtained within 15 iterations. 
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Captions of Tables and Figures 
Table 1: Summary of transverse bending and longitudinal stresses inclusive of mean and oscillatory 
components. 
Table 2: Summary of transverse bending and longitudinal stresses accounting for only oscillatory 
components. 
Fig.1: (a) A schematic 3-D model of a flexible cylinder undergoing VIV and sectional hydrodynamic 
forces for (b) stationary cylinder and (c, d) oscillating cylinder with (c) 3-D or (d) 2-D force 
projection. 
Fig.2: Comparison of space-time varying responses with 2-D (a-e) vs 3-D (f-j) force projection 
models at V = 1 m/s: (a, f) CF response, (b, g) IL response, (c, h) AX response, (d, i) IL response 
with removed mean values, (e, j) AX response with removed mean values. 
Fig.3: Space-time varying responses accounting for initial transients, mean and oscillatory 
components for (a, d) CF, (b, e) IL and (c, f) AX VIV at low and high V. 
Fig.4: Space-time varying responses with extracted steady-state oscillatory components for (a-d) CF, 
(e-h) IL and (i-l) AX VIV at various V. 
Fig.5: Oscillation frequencies associated with responses in Fig. 4 for (a-d) CF, (e-h) IL and (i-l) AX 
VIV at various V. 
Fig.6: Multi modal decomposition of VIV responses in Figs. 4 and 5: circulars, squares and stars 
denote CF, IL and AX modes, respectively. 
Fig.7: Spatial variation of IL-CF, IL-AX and CF-AX trajectories associated with responses in Fig. 4 
at low and high V. 
Fig.8: Spatial (a) IL mean and (b) AX mean displacements with varying V. 
Fig.9: Space-time varying (a, d) CF bending, (b, e) IL bending and (c, f) longitudinal stresses (in 
MPa) inclusive of mean and oscillatory components. 
Fig.10: Effect of geometric nonlinearities and axial dynamics on flexible cylinder VIV with circulars, 
squares and diamonds denoting the full nonlinear model with axial motions, the geometrically-
linearized model with axial motions and the full nonlinear model without axial motions, respectively: 
(a, c) CF and (b, d) IL RMS responses; (e) in-line mean displacements. 
Fig.11: Individual effect of axial motions, geometric and hydrodynamic nonlinearities on CF (a-c) 
and IL (d-f) VIV by considering (a, d) the full nonlinear model without axial motion, (b, e) the linear 
hydrodynamic model without axial motion and (c, f) the linear geometric-hydrodynamic model 
without axial motion.  
Fig.12: Comparison of numerical prediction and experimental results with (a, b) maximum and (c, 
d) RMS amplitudes of (a, c) CF and (b, d) IL VIV. 
Fig.13: Comparison of numerical prediction and experimental results with dominant (a) oscillation 
frequencies and (b) excited VIV modes. 
 
Table 1 
 
V 
(m/s) 
CF bending stress 
(MPa) 
IL bending stress  
(MPa) 
Longitudinal stress 
(MPa) 
Max Min Max Min Max Min 
0.3 8.3 -8.3 2.5 -7.7 26.9 21.8 
0.4 13.6 -13.6 5.5 -12.7 47.4 39.7 
0.8 26.1 -26.1 8.2 -29.1 142.1 130.2 
1.0 30.4 -30.4 8.8 -34.6 205.2 184.2 
 
 
Table 2 
 
V 
(m/s) 
CF bending stress 
(MPa) 
IL bending stress  
(MPa) 
Longitudinal stress 
(MPa) 
Max Min Max Min Max Min 
0.3 8.3 -8.3 4.1 -3.0 2.4 -2.7 
0.4 13.6 -13.6 7.6 -6.6 3.6 -4.1 
0.8 26.1 -26.1 13.9 -15.1 5.1 -5.5 
1.0 30.4 -30.4 17.6 -16.5 9.3 -7.7 
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